I. INTRODUCTION
F IELD emission devices have been used and contemplated for a wide range of electronic device applications, including flat-panel displays, scanning probe tips, and power diodes and transistors [1] , [2] . Cathode materials such as carbon nanotubes and polycrystalline diamond exhibit high rates of electron emission at relatively low applied electric fields. This emission, however, is typically localized to specific sites on the cathode where high levels of local electric field enhancement are present. This localization of emission can create extremely high current density in the cathode. The flow of emitted electrons then accelerates in the vacuum gap between the cathode and anode due to the electric field. Consequently, a highly energetic and localized stream of electrons bombards the anode and can cause substantial heating that may lead to failure. The present work describes in detail the spatial and energetic distribution of field-emitted electrons and presents simulations of localized anode heating due to ballistic electron bombardment. The results indicate high levels of heat dissipation and temperature rise under practical device conditions.
Field emission of electrons from a surface involves quantum tunneling through a potential barrier into vacuum. The potential field is created by an anode at a lower electron potential, as shown in Fig. 1 . Fowler and Nordheim [3] described the physics of field emission from a planar metallic surface. Later, researchers found that elongated emitter structures can substantially enhance emission by increasing the local electric field near the tip of the emitter [4] . In recent years, field emission from a variety of materials, including metals and semiconductors, has been studied.
Field emission devices show promise in a number of technically important applications. Jensen [5] provided a recent review of applications in electronics. Due to the high electron mobility in vacuum, vacuum integrated circuits could provide significant increases in speed as compared to solid-state integrated circuits. Also, field emission arrays are capable of providing power amplification at very high frequencies (up to tens of GHz) and may also be useful as part of plasma-thruster systems for space propulsion. Field emitters also offer advantages in microwave power tube applications (e.g., travelling wave tubes) due to their ability to transmit higher current densities and breakdown voltages than traditional technologies [6] . In addition, field emission arrays show much promise as practical electron sources for flat-panel displays [7] , [8] .
Carbon-based materials have been shown to be excellent field emitters. Polycrystalline diamond emitters exhibit high current density at low applied fields [9] , and monolithic three-terminal devices based on molded diamond nanotip emitters have been shown to produce excellent transistor behavior [10] . Recent research on carbon nanotubes indicates that they can support local current densities as high as [11] , [12] , and experiments suggest that field emission current densities from emitter arrays could exceed [13] . Carbon nanotubes are also very efficient field emitters, with turn-on fields below 5 [14] . Interestingly, the cross-sectional current from single-walled carbon nanotubes reveals a ring-like current density, indicative of emission from the nanotube ends [13] , [15] . This behavior produces extremely large local current densities within the ring and is not observed for other field emitter materials.
One historical impediment to the application of field emission devices has been their poor reliability. Common failure modes include erosion of tip emitters [2] and anodes [16] due to excessive local current densities. These problems can be alleviated through the use of emitter materials, such as carbon nanotubes and polycrystalline diamond, that can tolerate high current densities and through an improved understanding of the energy dissipation processes in the anode.
The present work considers in detail the process of energy dissipation in the anode. The theoretical development, described in the Theory section, involves modeling of the spatial and energetic distribution of electrons from a localized emission site and the modification of the distribution through the accelerating field in the vacuum gap prior to deposition in the anode. Based on this distribution, the heat deposition process in the anode is modeled by a Monte Carlo electron scattering algorithm coupled with a heat diffusion solver. The resulting combined model is then used to simulate heat transfer under a variety of practical operating conditions.
II. THEORY AND ANALYSIS

A. Field Emission
Good and Müller [17] provided a comprehensive review of field emission theory from first principles. In the following paragraphs, we include elements of the theory that are necessary to describe the energetic and spatial distributions of field-emitted electrons from a point source. Following the above-cited work, we assume emission from a planar free-electron metal such that the emission distribution is spatially separable.
The number of electrons within a metal striking a surface represents the supply of electrons available for emission and can be calculated as [17] (1) where represents electron momentum in the three Cartesian coordinates , , , is the Fermi-Dirac distribution function, is the electron rest mass, and is Planck's constant. The direction represents the primary direction of emission into vacuum (see Fig. 1 ). Using the kinetic relation between energy and momentum, , and transforming from Cartesian to spherical-polar coordinates, the differential supply function becomes (2) where is the spherical-polar angle [see Fig The transmission coefficient defines the probability that an electron with an x-component of energy flux will tunnel from the solid into vacuum. The transmission coefficient depends strongly on the width of the potential barrier encountered by the electron. In the present work, we employ the WKB approximation for the transmission coefficient [17] ( 3) where and are the zeroes of such that represents the local width of the barrier. The potential is approximated near the location of emission at the cathode as [17] ( 4) where is the local field enhancement factor, is the applied bias, is the gap width, is the cathode's chemical potential, is the cathode's work function, is the magnitude of electron charge, and is the permittivity of vacuum. The field enhancement factor represents the factor by which the applied field is multiplied to represent the local electric field near the emission point. This enhancement can be produced by nanometer-scale protrusions on the cathode.
The product of the transmission coefficient of (3) and the differential supply function of (2) provides the number of electrons emitted per second per unit area per unit energy per unit solid angle (5) We note that is similar in form and function to intensity in radiation heat transfer. This function can be integrated over energy and solid angle to provide the emitted current density (6) where is the azimuthal angle of emission (see Fig. 1 ).
The transport of electrons from the cathode to the anode is treated classically. We assume that the cathode and anode are parallel planes positioned a distance apart and biased by a voltage (see Fig. 1 ), with the cathode chosen as the reference. The localized region of emission on the cathode is assumed to be a point source emitting electrons with an angular and energy distribution given by (5) for , where is the sphericalpolar angle, with corresponding to emission normal to the surface, and is the energy of emitted electrons. The emission is assumed to be azimuthally symmetric.
The essence of the transport problem in the vacuum gap is to relate the rate of electron impacting the anode per unit area per unit energy at distance from the common axis-a quantity represented below by -to the emission distribution . For the simple geometry assumed here, this transformation of an angular to a spatial distribution can be achieved analytically.
Assuming a unidirectional electric field, the relationship between the emitted electron energy and the energy at anode impact is trivial:
. The relationship between and the emission angle , or more conveniently between and , is central to determining the spatial distribution of electrons impacting the anode. For any given value of , the greatest impact distance will occur when the emission is parallel to the surface . Consequently, at any given radius, a lower energy cutoff exists as given by (7) For convenience, the variable is defined as (8) With this definition, the relationship between impact radius and emission angle becomes (9) The Jacobian of the transformation follows from this relation as (10) The relation between and can thus be expressed as (11) and otherwise. The function represents the rate of electron impact on the anode per unit energy per unit anode area, , per unit emission area at the cathode. In this work, we assume a cathode emission area for all conditions. Thus, the local current density at the anode can be expressed as (12) The total current can then be computed by integrating (12) over the surface area.
The foregoing development ignores space-charge broadening of the beam. This effect becomes significant as total current increases. The exact inclusion of space-charge effects for the types of electron beams considered here is quite challenging due to the nonuniformity of the beam and its acceleration from the applied bias [18] . However, the magnitude of space-charge broadening can be estimated in a reasonably straightforward manner by assuming a linearly diverging beam of uniform current cross-section. The broadening can be characterized by the change in radial position of a point in the beam compared to the unperturbed radial location [18] where (13) In the foregoing equations, represents the outer beam radius at the anode and is estimated from the unperturbed distribution of (12), and is the related beam angle. In the present work, (13) was used to estimate the beam broadening. In all cases considered in this paper, the beam broadening at the outer radius (i.e., ) was less than 10% of the beam outer radius . Thus, the exclusion of space-charge spreading in the present study is reasonable.
An energy moment of (12) provides the rate of energy deposition in the anode per unit area (14) The foregoing relation could be used to provide a Neumann boundary condition for the description of heat transfer in the anode. However, in many cases of interest, the electron energies are sufficiently high to enable ballistic or quasiballistic transport into the depth of the anode. Consequently, we treat the deposition of energy as a volumetric phenomenon using the Monte Carlo method described below. The integral in (14) can be simplified to a good approximation by recognizing the narrowness of the energy distribution , which varies by only a few tenths of eV about the chemical potential of the cathode [19] . Thus, for , the energy difference can be replaced by to a good approximation. Importantly, this approximation satisfies conservation of total energy input , but the approach ignores heating or cooling of the cathode via the Nottingham effect [20] .
B. Electron Scattering
Energetic electrons impact the anode surface and lose energy through a series of scattering events within the surface of the anode. Each inelastic collision involves an exchange of energy with the lattice, resulting in localized heating of the anode. The electron path and energy exchange are used to predict the heating rate as a result of electron bombardment.
Detailed electron scattering models have been developed for applications in scanning electron microscopy. These studies generally involve electrons of higher energy than those considered here. Nevertheless, the general methods employed, such as the Monte Carlo method described below, are applicable to the present work. The subject of electron scattering has been studied extensively [21] - [23] , and in the following paragraphs, we summarize concisely the approach taken in the present work.
A Monte Carlo approach describing the path and energy loss of the electrons is used in the present work. Tabulated values of Mott cross-sections for elastic scattering [24] in the anode material (assumed to be aluminum) provide a means of computing scattering probabilities, elastic mean free paths for electron flight and scattering angles. Because the anode is a metal, the interior potential gradient is negligible, and the trajectory follows a straight line between collisions. During the free-flight of the electron, inelastic scattering is included using a modified Bethe continuous energy loss relation [25] , [26] .
The determination of electron energy at anode impact was described previously. Because of the narrow energy range of emitted electrons, the energy of impacting electrons is assumed to be . With this initial energy, the Monte Carlo simulation of collisions proceeds until the electron energy reaches the anode's chemical potential . Each electron's initial position is determined from the spatial distribution given by (11) . The direction of the electrons is assumed to be normal to the anode surface. This assumption is reasonable because the emitted distribution from the cathode is highly oriented in the surface-normal direction and because the electric field accelerates the electrons in this same direction.
Individual electrons are tracked independently in the present formulation, and, consequently, electron-electron scattering is ignored. For each collision with the lattice, the location is recorded, and amount of the energy lost by the electron is added to the lattice. The energy transferred from the electron to the lattice appears in the heat diffusion equation as a generation term (see below). The spatial distribution of energy deposition is then added to prior trajectories. To achieve convergent results with smooth contours of energy deposition, many electrons trajectories (typically ) were simulated. The resulting distribution of energy deposition was then normalized to reflect an average energy per volume per electron in the generation region. This normalized volumetric energy was then multiplied by the total current to obtain a volumetric heat generation distribution.
C. Thermal Diffusion
The heat transfer is governed by the diffusion equation using the electron scattering results as a generation term . The field emission process is assumed to be at steady state, so transient effects in the generation are ignored. However, transient thermal effects are captured with the foregoing model (15) where and are the bulk specific heat and thermal conductivity of the anode (aluminum).
An array of tip emitters will produce an inherently three dimensional heating pattern and subsequent temperature profile in the anode. The case considered here, however, is only concerned with the heating caused by a single tip emitter. Therefore the conduction solution is assumed to be axisymmetric whose axis of symmetry coincides with that of the electron beam. Because the heating that occurs is highly localized, the conduction domain is assumed to be semi-infinite. This is only possible if a single emitter is considered because conduction from neighboring emitters would pollute the reduced-dimension solution.
The single emitter assumption further simplifies the problem because the analytic solution to a point source can be recovered far from the generation region. As a result, the boundary conditions far from the generation region can be assumed to be the Green's function solution to a point source at the location of impingement given as (16) where is the thermal conductivity of aluminum and is the total heat input (in W). In this case, the voltage across the gap times the emitted current yields a Joule heating term that is treated as a point source. Even though this solution is one-dimensional (1-D) because the temperature only depends on the distance from the generation point source, the temperature field near the generation region will still be two-dimensional (2-D). At the far field boundaries of the 2-D conduction region, the solution is assumed to depend on radial distance from the origin only. Therefore, the domain must be large enough to approximate 1-D conduction at the edges.
Because the generation predicted by the Monte Carlo simulation is an arbitrary function of depth into the anode and radial distance from the beam centerline, the solution for the conduction was calculated numerically using a general finite element PDE solver library in C [27] . The meshing for the numerical solution was crucial to be able to resolve the small scale region of generation predicted by the Monte Carlo solution. At the centroid of each element in the generation region, an interpolated value was selected from the bins of the Monte Carlo simulation. To ensure that energy was conserved, the total energy generated in all elements was scaled to equal the Joule heating term calculated previously, which approximately represents the energy deposited into the anode.
III. RESULTS AND DISCUSSIONS
Simulation of anode heating requires knowledge of the distribution of electron deposition described by (12) . Fig. 2 contains a graph of the current density (with a logarithmic scale) as a function of radial position on the anode. The curves in the figure correspond to several values of the cathode-anode spacing at a voltage bias of 50 V with a field enhancement factor . The strong influence of this spacing on current density is clearly evident, as the smallest spacing produces local current densities that are more than ten orders of magnitude greater than those predicted for the largest spacing . This phenomenon is a consequence of the exponential dependence of field-emission current on electric field. Under the conditions of constant voltage bias, the field is inversely proportional to the spacing . We also observe a relatively narrow spatial distribution of current density. The figure illustrates that the effective radius of electron impact ranges from 1 to 2.5
, depending on the cathode-anode spacing.
In the case of variable spacing under a constant electric field , the emitted current remains constant while the voltage bias and the resulting electron energy scale with the spacing. spacing, most of the current exists within . As the spacing increases, the current spreads to approximately 3 . Also, the peak current density, which can strongly influence localization of heat dissipation, decreases from 4.5 for to less than 1 for . Further, in this case of constant electric field, the dissipated energy per electron, , increases with the spacing , and the resulting total heat dissipation scales with .
For the Monte Carlo simulation, electrons were chosen at random from the distributions in Figs. 2 and 3 where the initial energy is the voltage across the gap plus the fermi-level of the cathode (assumed to be 5 eV). The distribution of energy deposited into the anode through scattering can be seen in Fig. 4 for an applied field of 5 . In the distribution shown, 10 million electrons were used to achieve the smooth contours.
The size of the 2-D (axisymmetric) conduction domain was 2000 nm in radius and 2000 nm in depth. The size was determined by evaluating the calculated maximum temperature for various dimensions. As the radius and/or depth increase, the boundaries approach the 1-D solution and the maximum temperature is said to be converged. The meshing was determined by the requirement of a converged conduction solution as well as accurate representation of the generation region. A course mesh of 45 nodes in each direction was augmented by a refinement in the generation region. The final element size in the generation region did not exceed 0.3 nm in the z-direction with 9179 total elements. Despite the lack of resolution, the peak temperature was found to be constant at steady state for several differing mesh sizes. As described in the Theory section, energy was conserved by scaling the values in the finite elements so that the integral of the energy was equal to the Joule term. For the 10 case, the energy generation was 0.0124 W. The finite element temperature solution appears in Fig. 5 . Note the spherical temperature solution away from the heat source. The maximum temperature rise occurs in the generation region and is calculated to be . Although this value by itself is not indicative of possible failure, the heating is highly localized. The maximum heat flux in the system is approximated to be . Table I shows the temperature rise for various voltage and electrode spacing configurations. In addition, the heat flux and current are reported. For all test cases except the 10 case, the heating was insignificant (see Table I ). This is a result of the fact that the current is a strong function of the applied field, so the energy deposited, which is proportional to the current, is also a strong function of the applied field.
IV. CONCLUSION
A description of the mechanism of anode heating in field emission devices has been demonstrated using electron field emission theory, Monte Carlo simulation of electron scattering, and thermal diffusion. The present analysis determines the electron number distribution and energy based on emission from geometrically enhanced tips. The bombardment and subsequent heating of the anode is considered by thermalizing energetic electrons in a stochastic scattering process. Temperature distributions in the anode are then obtained through a numerical conduction solution using the deposited electron energy as a source.
The predicted temperature increases from a single emitter do not indicate failure by melting. However, the large local heat fluxes and temperature gradients in the anode suggest that thermal stresses may become significant. This subject could form the basis of a future study. The present work provides a foundational formulation and several examples of practical devices. The possible range of voltages and electrode spacings in practical devices is very large. Further, the presence of multiple emitters in an array is also common in practical devices. Thus, further studies could consider these effects explicitly. The present work has demonstrated a strong effect of voltage on heating due to the exponential current-voltage relationship in field emission devices. Thus, we anticipate that practical devices, particularly those operating at high current density, could encounter substantial thermal damage.
